Algebras of dihedral, semidihedral, and quaternion type were introduced by K. Erdmann as a generalization of blocks of finite groups of tame representation type. In a series of papers Erdmann gave a description of the Morita equivalence classes of these algebras. The aim of the present article is to present a classification of algebras of dihedral, semidihedral, and quaternion type up to derived equivalence. As an application we can show that all basic algebras in Erdmann's list are actually of tame representation type.
INTRODUCTION
In order to study the algebraic structure of block algebras of finite groups with tame representation type, Erdmann introduced more generally the classes of algebras of dihedral, semidihedral, and quaternion type. These algebras are essentially defined in terms of their stable Auslander-Reiten quivers (the precise definitions are recalled later). Erdmann classified them up to Morita equivalence; i.e., she gave a list of basic algebras (explicitly given by quivers with relations) such that any algebra of dihedral, semidihedral, or quaternion type is Morita equivalent to one of the algebras in this list [4, pp. 294-306.] We will be interested in derived equivalences among the algebras of dihedral, semidihedral, and quaternion type. More precisely, the aim of this paper is to give a classification of these algebras up to derived equivalence. We will succeed in giving a complete list of representatives of 160 THORSTEN HOLM the derived equivalence classes, with two (minor) aspects left open. First, in the semidihedral case we could not finally decide whether or not two families contain derived equivalent algebras (see Remark 4.4 for details). Second, as in the Morita classification the problem remains that for some algebras undetermined scalars occur in the relations.
However, studying derived equivalences even leads in some cases to a better understanding of those families of algebras in Erdmann's list for which the relations could not be determined completely. An example can be found in Section 4.1 where a more precise presentation for algebras of type SD(2L42) 3 (in the notation of [4] ) is now given. This new presentation was actually predicted by our calculations with tilting complexes (and then confirmed by different methods; see Proposition 4.2).
As the main application we address the following problem [1, Q4.3] , which remained open in Erdmann's work: Are all algebras of Erdmann' s list actually tame? For some of the algebras this could be shown by using degenerations. By bringing derived equivalences into the game, we can now answer this question affirmatively.
One of the properties of algebras of dihedral, semidihedral, and quaternion type is that they have at most three simple modules [4, VI.3, VII.3, VIII.10]. For local algebras the notion of derived equivalence does not give any new insight. In fact, local algebras which are derived equivalent are even Morita equivalent. And a classification of local tame algebras was given by Ringel [14] . For the precise statement of the Morita classification of the local algebras of dihedral, semidihedral, and quaternion type, see [4, III.l.] Hence, we concentrate here on algebras with two or three simple modules. It turns out that in these cases we find a lot of derived equivalent algebras which are not Morita equivalent.
In Section 3 we deal with algebras of dihedral type and classify them up to derived equivalence. The same is done for algebras of semidihedral type in Section 4 and for algebras of quaternion type in Section 5. As an application we address the question of tameness in Section 6.
DERIVED EQUIVALENCES
In this section we set some notation and collect those facts on derived equivalences which are needed in later sections.
Let K be an algebraically closed field (of arbitrary characteristic). All algebras in this article will be finite-dimensional K-algebras. All modules are finitely generated left modules. The corresponding module category for a K-algebra A is denoted by A-rood. Let Dt'(A-mod) be the derived category of bounded complexes over A-mod and denote by Kt'(PA) the Proof By a result of Rickard, derived equivalent self-injective algebras are stably equivalent [11, 2.2] . And a recent result of Krause states that stably equivalent algebras have the same representation type [9] . | We will often need to compute Cartan invariants of the endomorphism rings of tilting complexes. This can be done conveniently by the following alternating sum formula. For an algebra A let Q = (Qr)r~ z and R = (R'), ~ ~ be bounded complexes of projective A-modules. Then (for a proof see Sections III.1.3 and III.1.4 of [7] ). Note that if HomKqA~(Q, R[i])= 0 for i¢ 0 (e.g., for direct summands of tilting complexes), then the left-hand side reduces to dim K HomKb(A)(Q, R) and the right-hand side can easily be computed using the Caftan matrix of A.
DERIVED EQUIVALENCE CLASSES OF ALGEBRAS OF DIHEDRAL TYPE
We recall from [4, VI.2.1] that a K-algebra A is said to be of dihedral type if ® A is symmetric and indecomposable;
• the stable Auslander-Reiten quiver of A consists of the following components:
(i) tubes of rank 1 and 3, the number of 3-tubes being at most 2,
(ii) nonperiodic components of tree class A~ or A1,2; ° the Cartan matrix of A is nonsingular.
A list of the corresponding basic algebras can be found in [4, pp. 294-297] (but for the convenience of the reader the definitions of all the algebras will be given in this section). The aim_ of this section is to describe, based on Erdmann's work, the derived equivalence classes of algebras of dihedral type. (As for the Morita equivalence classes, in the case of two simple modules our classification is only complete up to scalars occuring in the relations.)
Algebras of Dihedral Type with Two Simple Modules
For any integer k > 1 and c = 0 or 1 let D(2~)k(c) be the K-algebra defined by the quiver c0.
.1 (4k 2k) If A is any algebra of dihedral type with two simple modules, then A is Morita equivalent to one of the algebras defined previously [4] . The main result of this section is a description of the derived equivalence classes.
Step 2. Show that up to derived equivalence the parameters k, s can be interchanged.
Step 3. Show that different parameters k, s give rise to different derived equivalence classes.
It was proved in [8, 2.1] 
3). It turns out that End(Q) has Cartan matrix (4, 2, ~ which is equal to the Cartan matrix of D(2~)"~(c).
~2sk + s/~ We define a generating set of tile radical of End(Q) (corresponding to the arrows of the quiver of D(2~)"k(c)) as follows.
Let ~" Q0 ~ Q0 be given by (o o): p~ • Pj -~ P1 • P~ in degree 0 and by oz: P0 -* P0 in degree -1 (note that this gives a homomorphism of complexes as -/a 2 = 0). Let /~: Q0 ~ QJ be defined as (0,id): P1 • P~ --* P1 and let ~,: Q1 ~ Q0 be given by (~): P~ --* P1 • P1 (this is indeed a homomorphism of complexes as tit = 0). Finally, set ~: Q1 ~ Q1 as right multiplication with yo~/~ on P1.
It remains to show that these homomorphisms satisfy the opposite relations of D(2 ~2) '' g(c). In fact, there then can be no further relations as the Cartan invariants and therefore the dimensions of End(Q) °p and D(232) s' ~(c) agree. (1) dimKZks~ =k +s + 2; a K-basis is given by {1,~/ . Proof. (1) The dimension of the center was already given in [4] . We leave it to the reader to verify that the above set actually forms a basis.
Let k' > s' >>_ l and d e {O, 1}.
(2) A ring isomorphism between the centers would imply that the radical structures have to agree. It follows from (1) that the radical of the center has nilpotency index k + 1 (recall that k _> s by assumption). Hence, if the centers were isomorphic then k = k'. As the dimensions of the centers also have to agree, we then could deduce s = s' from (1).
(3) Follows directly from (2) as derived equivalent algebras have isomorphic centers, i
Algebras of Dihedral Type with Three Simple Modules
For the sake of completeness and for the convenience of the reader, we include the definitions of the basic algebras of algebras of dihedral type with three simple modules from [4] . It will turn out that, up to derived equivalence, the algebras of dihedral type with three simple modules occur in two distinct families. One of these contains all blocks of group algebras with dihedral defect group (it was already shown by Linckelmann that blocks with a common dihedral defect group and with three simple modules are derived equivalent [10] ). We therefore speak of the block case.
THORSTEN HOLM
The other case will be called the nonblock case.
Block Case
For k > 1 let D(3~)l k be the K-algebra defined by the quiver
with relations /37 = 0, */3 = 0, (7/33./) k = (3./7~) ~. For k >_ 1, s >_ 2 let D(3~)1 k's be defined by the quiver (Note that, up to isomorphism, the parameters can be permuted; e.g., one could order them as a >_ b >_ c _> 1. For technical reasons it is convenient to avoid this in the beginning.)
Nonblock Case
For k _> I > 2 let D(3s¢)2 ~'t be the algebra defined by the quiver
with relations fi6 = 0, ~/y = 0, (7/3) k = (&7) l. For k,l_> 1 (with k+!>2), s>2 let D(3~')~ -l,~" be the algebra defined by the quiver
with relations ya= 0, aft=0,
For k, [ _> 1, s, t > 2 let D(3..~)2 k, I, ~,, t be defined by the quiver The proof of the theorem will consist of several lemmas, each proving certain algebras to be derived equivalent. The main outline can be indicated by the following figures. (111 The Cartan matrix of End(Q) is 12k 1 k ; i.e., it is equal to the Cartan matrix of D(3~) ~' 1, k 1 ~ ~-+ 1 We define elements in the radical of End(Q), corresponding to the arrows of the quiver. Let /3:Q0 -~ Q1 be given by projection onto the first Let /3:Q0 -~ QJ be given by projection onto the first summand and 3': Ot --+ Q0 by (~): P1 ~ P, (9 P2' As before, let 8: Oj ~ O2 and ~1:02 -* Q~ be given by right multiplication with B8 and ~y, respectively. Then, by definition, /3c~ = 0, /5/~ = 0, 6t5 = 0, and ,~fi = c~ k. The homomorphism &A is homotopic to 0 via 8:P1 ~ P2. A homotopy between /3A8 and -y is given by (/38/~)k-1/~8: ADO ---> P2.
Block Case
In order to remove the sign from the latter relation in End(Q) °p, one can apply a basis transformation given by ~5 ~ wtS, where w e K is a root of the polynomial x l + i ~ K [x] (recall that K is algebraically closed and note that all other relations are not affected by this transformation). Hence, End(Q) °p ~ D(3~) l'x'l. | The sign in this relation can be removed by performing a basis transformation on End(Q) °p given by ~w~ where w <K is a root of the polynomial x' + 1 e K [x] . | So far we have shown that in the nonblock case any algebra of dihedral type is derived equivalent to some algebra D(3~) k'*'t'u (with suitable interpretation if parameters 1 occur). By definition, the last three parameters s, t, u can be cyclically permuted. The next lemma shows that up to derived equivalence one can also interchange the first two parameters. Once the parameters are linearly ordered, the algebras within one of the families D(3~) or D(3~') represent different derived equivalence classes. To achieve this, we look at the centers. The centers of derived equivalent algebras are isomorphic as rings [12, 9.2] . The next two lemmas collect some well-known facts about the centers and, in particular, imply that the centers are nonisomorphJc for different parameters. ( 
Proof
(1) The dimensions were already given in Erdmann's list [4] . The easy verification that the given set forms a basis is left to the reader.
(2) A ring isomorphism between the centers would imply that the radical series have to agree. But it is easily seen from the basis in (1) that, e.g., the dimensions of the radical powers are determined by the parameters. Proof. The arguments are very similar to the ones of the previous lemma and are omitted. | We now finally have to show that algebras of type D(3aT) cannot be derived equivalent to algebras of type D(3~,~). This can be deduced from Erdmann's work on the structure of the stable Auslander-Reiten quivers of algebras of dihedral type. In fact, for algebras of type D(3JT) the two 3-tubes are stabilized by the f~-action, whereas in type D(39) the two 3-tubes are interchanged by f~ [4, VI.6, pp. 170-171]. Hence, algebras of these two types cannot be stably equivalent. But then they are also not derived equivalent as derived equivalent symmetric algebras are stably equivalent [11, 2.2].
DERIVED EQUIVALENCE CLASSES OF ALGEBRAS OF SEMIDIHEDRAL TYPE
We recall from [4, VIII.l] that an algebra A is said to be of semidihedral type if
• A is symmetric, indecomposable, and tame; ° the stable Auslander-Reiten quiver of A has the following components:
(i) tubes of rank at most 3, the number of 3-tubes being at most 1,
(ii) nonperiodic components isomorphic to ZD~ and 27A~; ° the Cartan matrix is nonsingular.
Erdmann gave a list of basic algebras such that any algebra of semidihedral type is Morita equivalent to one of the algebras in the list [4, pp. 298-302]. If A is an algebra of semidihedral type with two simple modules, then it is Morita equivalent to one of the preceding algebras [4] . For our work the description of the family SD(2~)3, as it stands, caused problems, as we were not able to find suitable derived equivalences for arbitrary polynomials p, q. This observation led to the idea that there should be a more precise presentation of the type SD(2~') 3. And, by our study of derived equivalences, we could even predict how such a presentation should look, i.e., for which polynomials one would expect an algebra of semidihedral type. Our observations were then recently confirmed by Erdmann. In this way the study of derived equivalences finally led to a better understanding of these algebras.
Algebras of Semidihedral Type with Two Simple Modules
To state the refined description, define for s > 2 and c ~ K the algebra SD(2J2)~(c) to be given by the quiver Note that this is essentially the algebra SD(2JY)~(p, q) for the polynomials p(x)= 1 and q(x)= 1 + cx ~ 1 but that now all relations are explicitly given, not just modulo socle (see also the remark following the proof of Proposition 4.2).
PROPOSmON 4.2 (Erdmann). If A is an algebra of semidihedral type which is Morita equivalent to an algebra of type SD(2o@)s, then there exist s > 2 and c ~ Ksueh that A is Morita equivalent to SD(2~)~4(c).
Proof. (Erdmann) . Suppose A is basic. Then A has presentation given in the table [4] (and at the beginning of this section). We will improve it.
First, we make the relations modulo socle explicit as far as necessary. The socle of e0A is spanned by o~ *+~, so there is a polynomial pl(X) with nonzero constant term such that /3,/= og2pl(Og). Moreover, since a/3 e0Ae ~ and e0Ae 1 n soc(A) = {0} we have ~/3 = /3rlq(~7).
Since eop,(oe) is a unit in the local ring e0Ae 0, we may replace `/ by ypl(a)-*. Similarly, we replace r/ by rlq(~). Then we still have the same zero relations and, moreover,/3,/= c~ 2, oe/3 = /3W. Moreover, the radical of e0A has K-basis {a ',/3rlJ I 1 _< i _< s + 1,0 <j _< s -1} and the radical of ejA has K-basis {~q',`/c~; I 1 _< i _< s + 1,0 <j _< s -1}.
We know that rl,/~ eiYae0 but does not lie in j3, so there is a polynomial f(X) with nonzero constant term such that ~/= y~f(o~). Moreover, since ,/oe * = 0 we can take f of degree _< s -2. Similarly, there is a polynomial g(X) with nonzero constant term, of degree at most s -1, such that ,//3 = r~2g(@.
We claim that ~/y = yoz: We have oz/3y = a3 =/3ya but also a/3y = /3~7y = Byaf(oz). It follows that /37o~(1 -f(o~)) = 0, that is, oz3(1 -f(a)) = 0. Since a s+l v~ 0 but c~ ~'+2 = 0 we deduce that 1 -f(a) = o?'-lh(cO for some polynomial h. But f has degree < s -2, so 1 -f(~) = 0 and the claim follows. The classification up to Morita equivalence can then be stated as follows. If A is an algebra of semidihedral type with two simple modules, then A is Morita equivalent to an algebra of type SD(2o~)~, SD(2d)2, SD(2 ~JY)t, SD(2~)2, or SD(22) 4.
The main result of this section reads as follows° Remark 4.4. It is very likely that algebras of type SD(2~@) t and SD(2~2) 2 represent different derived equivalence classes. The stable AusIander-Reiten quiver of an algebra which belongs to the family SD(2~') 1 has a 3-tube (the component of the maximal uniserial module with composition factors $1). On the other hand, if A belongs to the family SD(2~)2, then there is no 3-tube "visible," and in the case when the algebra is a block of a group algebra it is known that no 3-tube exists. So one would expect that the algebras are not derived equivalent (recall that the stable Auslander-Reiten quiver is a derived invariant for self-injective algebras).
The proof of the theorem consists of a series of lemmas, each proving certain algebras to be derived equivalent. The outline can be indicated as follows:
Some parts of the theorem (for those families and parameters occurring for blocks of group algebras) were already proved in [8] . It is left to the reader to check that Q is a tilting complex. From the Cartan matrix (4~+21) of SD(2J2){5'(c) one computes the Caftan matrix of End(Q) (using the alternating sum formula (2.3)) to be equal to (~ + I I; 1), which is just the Cartan matrix of SD(2 ~')~ -1(c).
We define homomorphisms in the radical of End(Q), corresponding to the arrows of the quiver of SD(2~2)4, as follows. Let ~/: Q1 ~ Q1 be given by ~/: P1 -~ P1 in degree 0 and by a: P0 -~ P0 in degree -1 (note that this is indeed a homomorphism of complexes as "qy = ya in SD(2~)~' '(c)). Let ~,: Q1 ~ Q0 be given by the identity map ide~ and let /3:Q0 + Q1 be given by ~72:P1 ~ P1. Moreover, let &: Q0 + Q0 be right multiplication with r/ on P1.
We have to check that these homomorphisms satisfy the opposite relations (up to homotopy) of SD (22) For k, s > 2 let SD(3~)k2 "~ be the algebra defined by the quiver Note that the parameters a, b, c can be permuted, up to isomorphism, so one may assume a > b > c. It is only for convenience that we do not make this assumption here. Note also that SD(3~) ~" t, 1 ~_ SD(3Y)~ and SD(3J~)~'v'I----SD(3Y¢~') ~'v. But for the statements of our results it is convenient to have these cases included in the family SD(3~).
Then the main result of this section reads as follows. For k = 1 the definition of SD(3~)~" 1 can be interpreted as SD(3sd){, so the assertion of the lemma also makes sense in this case (but is, of course, not very interesting). ) P0 -~ 0 (in degrees 0 and -1). It is left to the reader to check that Q is a tilting complex.
• Ue Carton matr s) k+~_ a ;i.e.,it is equal to the 
LEMMA 4.13. For k > 1, s > 3, t >_ 2 the algebra SD(3~;) k's't is derived equivalent to S D( 3~Z/) ~" s, q
Proof. It is clear from the definition that the parameters for SD(32,~) can be permuted, up to isomorphism of the algebra. So it suffices to construct a tilting complex Q for SD(32) k'''t such that End(Q) °p ---SD(3~) .... k. Consider the complex Q = Q0 (9 Q1 (9 Q2 of projective (/3,n) SD(32)k,s't-modules defined by Q0:0 ~ P1 (9 P2 > P0 ~ 0 (in degrees 0 and -1), Qj: 0 ~ P2 ~ 0, and Q2:0 ~/)1 -* 0 (in degree 0). It is left to the reader to check that Q is a tilting complex.
The Cartan matrix of End(Q) is ,t+tk÷t ~-; i.e., it is equal to the Erdmann gave a list of basic algebras such that any algebra of quaternion type is Morita equivalent to one of the algebras in the list [4, pp. 303-306] . The aim of this section is to describe the derived equivalence classes of algebras of quaternion type.
Algebras of Quaternion Type with Two Simple Modules
For completeness and convenience we include the definitions of the basic algebras of algebras of quaternion type with two simple modules from [4, pp. 303-304] (where, in order to state our results in a unified form, we slightly modify the definition of type Q(2~J2)l in allowing the parameter k to be equal to 1).
For k >_ 2 and c E K let Q(2sg)k(c) be defined by the quiver (1, c, d ).
The description of the derived equivalence classes for algebras of quaternion type with two simple modules will be more subtle than for the other classes already treated. One of the reasons being that there are a lot of scalars and even polynomials occurring in the relations. Our classification will not be complete as we are not attempting to deal with the question of different scalars. Nevertheless, we are going to prove that one of the preceding families already contains a complete set of representatives for the derived equivalence classes of algebras of quaternion type with two simple modules.
THEOREM 5.1. Let A be an algebra of quaternion type with two sbnple modules. Then there exist k >_ 1, s >_ 3 and a ~ K*, c ~ K such that A is derived equivalent to Q(2~)~' S(a, c).
Note that this description does not refer to a polynomial p(x), although the definition of Q(2~') 2 did. In fact, we will see in Corollary 5.5 that up to derived equivalence one can choose p to be the constant polynomial p(x) = 1. In the sequel this polynomial is denoted by 1. From the Caftan matrix (4 t 21) of Q(2~')~ one computes the Caftan matrix of End(Q) (using the alternating sum formula (2.3)) to be (~ + I ~ + ~), which is just the Cartan matrix of Q(2~')~.
Let ~: Q1 --+ Q1 be given by r/: P1 --+ P1 in degree 0 and by a" P0 ~ P0 in degree -1 (this is a homomorphism of complexes as ~3"--3,a). Let 5': Q1 ~ Q0 be given by the identity map idp1 and let /3:Q0 ~ Qa be given by 72: PI ~ P1 (note that the latter is indeed a homomorphism of complexes as rl2y = ~yoe = 3,a 2 = 0). Moreover, let 4:Q0 -+ Q0 be given by right multiplication with -q on Pp Remark 5.6. After having discovered that, up to derived equivalence, the algebras of type Q(2~)~ do not depend on the polynomial p, the natural question occurs whether or not the Morita classification actually does depend on p. The answer is "No." In fact, Erdmann recently refined the presentation of these algebras by showing that Q(2~.@)~(a, c; p(x)) ---Q(22)~(a, ~; 1) for a suitable E E K. As we are mainly concerned with derived equivalences, we do not include her argument here. But, of course, proving this result first, one could simplify parts of this section; Lemma 5.4 especially would be superfluous. However, it was the preceding results on derived equivalences which suggested considering the polynomials more closely and finally led to Erdmann's observation. So we decided to present the material in the previous form.
The next result "embeds" this one-parameter family Q(2~')~ into the two-parameter family of type Q(2~)l k' s. The homomorphism ~ 1;/ is given by ~s-1 = y/3; hence, it is homotopic to 0 via /3:P0 ~ P~.
For the remaining relation we have to find ~7 ~ K*, ( e K such that /~5' and ~/2 + ~7~/+-~ + ~ are homotopic. The former is given by ~/2:P1 ~ P1 in degree 0 (and the zero map in degree -1), the latter is given by ~z + ~7,-1 + (~7~ in degree 0 and by a 2 + ~0/~-i + (0/s in degree -1. We finally have to deal with the algebras of type Q(2~) 3, which are not covered by the previous results. It will be convenient first to observe that the presentation of the algebras of type Q(2~')~ can be refined. Note that all other relations are not affected by this basis transformation, so we get the desired isomorphism.
Given any algebra of type Q(2~)~, we may assume by the preceding remark that it has the form Q (2~)~(a, O, d) for some a ~ K* and d ~ K. It is then readily checked that these algebras already occur in the family Q(2~) 1 (using our slightly modified definition). In fact,
Hence, Theorem 5.1 also holds for algebras of type Q(23Y) 3.
5,2. Algebras of Quaternion Type with Three Simple Modules
For the convenience of the reader, we include here the definition of the basic algebras of Erdmann's list, in the case of algebras of quaternion type with three simple modules [4, pp. 304-306] .
For integers k,s>__2and d~K*(ifk=s=2then d~ 1, else d= 1) let Q(3sc)f 's (resp. Q(3Y)~'S(d) if k = s = 2) be the algebra defined by the quiver For k _> 2, s > 3 let Q(3~') k'* be defined by the quiver If A is an algebra of quaternion type with three simple modules, then A is Morita equivalent to one of the preceding algebras [4] .
The main result of this section describes the derived equivalence classes of algebras of quaternion type with three simple modules. The proof is completely analogous to the dihedral and semidihedral case and is therefore omitted here.
TAMENESS
In this section we address the following problem [1, Q4.3] : Are all algebras in Erdmann's list actually tame?
Recall that Erdmann just gave a list of "candidates" such that any algebra of dihedral, semidihedral, or quaternion type is Morita equivalent to an algebra of this list. As we will have to distinguish these candidates from the actual algebras of the above types, we say that an algebra is of quasi-dihedral, quasi-semidihedral, or quasi-quaternion type if it is Morita equivalent to an algebra of Erdmann's list. To be precise, for semidihedral algebras with two simple modules, we introduced the new family SD(2~)4, refining the definition of algebras of type SD(2~) 3. So we consider the family SD(2~) 3 as to be removed from the list and replaced by the family SD(22) 4.
Using degenerations, some of the algebras could already be shown to have tame representation type. More precisely, one can use a result of Geiss saying that if an algebra A~ admits a degeneration into a tame algebra A 0, then A 1 itself is tame [6] . But these techniques did not seem to suffice to answer the above question completely. By bringing derived equivalences into the game, we will show that (with the possible exceptions of algebras of types Q(22)~ and Q(3J) 2'2) all algebras of Erdmann's list with two or three simple modules are of tame representation type. For the local algebras it was already known that they are of tame representation type (see, for instance, [4, III.1.2] for the precise statement, and also Ringel's classification of tame local algebras [14] ). Altogether we then have the following main result of this section. Proof It is well known that special biserial algebras have tame representation type. Going through Erdmann's list, one checks that the algebras of quasi-dihedral type are special biserial, with the only exceptions D(2sg)k(1) and D(2~)k" (1) . For these algebras we have to refine the argument. Let A be one of these algebras. If we factor out the socle S = soc(A), then A and A = A/S have the same representation type. In fact, the indecomposable modules for A are given by the indecomposable A-modules plusthe indecomposable projective A-modules [5] .
In our case, A is special biserial (as the relation O/2 = (OL/~'~) k becomes 0/2 = 0 in A), hence tame. |
Quasi-semidihedral Type: Two Simple Modules
Given any algebra of quasi-semidihedral type with two simple modules, it is derived equivalent to SD(2~)~'t(c) or SD(2~)~z't(c) for suitable k _> 1, t > 2, and c ~ {0,1} (where k + t >_ 4 for SD(2~)2). The algebras Q(3sC)~,2(d) (where dva 1) are not covered by the above degeneration argument. But a proof of tameness for these algebras (again by covering techniques) can be found in [3, (3.4) ]. Thus, we obtain the following consequence. COROLLARY 6.11. Let A be an algebra of quasi-quaternion type with three simple modules. Then A is of tame representation type.
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